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1 Introduction 



The Baker-Akhiezer modules (BA-modules) over the ring of differential operators were intro- 
J> ■ duced by Nakayashiki (see [HH]). These modules are constructed on the basis of spectral data 

0^ . which include an algebraic variety X and some additional objects. In the one-dimensional case 

\ the module elements are the usual Baker-Akhiezer functions. 

The BA-module M consists of functions ijj(x,P) which depend on x E C n , where n = dime X 
and P E X. If x is fixed, then the function tp is the section of a bundle over X, and i/j nas an 
essential singularity on divisor Y C X. The elements tj) E M have the following properties: 

O 

• d x .i\) E M and f(x)tp E M, where f(x) is an analytical function in a neighbourhood of 
a fixed point xq; 

• if A is a meromorphic function with a pole on Y, then Xip E M. 

These properties mean that M is the module over the ring of differential operators — 
0[d Xl , . . . ,d Xn ], where O is the ring of analytical functions in a neighbourhood of xq, and over 
the ring Ay of meromorphic functions on X with the pole on Y. 

The finitely generated free BA-modules over T> n are of the main interest as in this case the 
construction allows to build commutative rings of differential operators. Let us choose the basis 
ipi(x, P), . . . , iPn(x, P) in M. Let \P(x,P) denote vector-function (ipi(x, P), . . . , iPn(x, P)) T ■ 
Then for A E Ay there is only one differential operator D(\) with N x iV-matrix coefficients 
such that 

D{\)V{x,P) = \(P)V(x,P). 

The operators -D(A) and D{[i) obviously commutate with each other for different A and \x E Ay. 
Thus, the considered construction makes it possible to obtain solutions of nonlinear differential 
equations which are equivalent to the condition of commutation of differential operators. 

The following examples of the free BA-modules over T> n are known. In [lj and [2] it is shown 
that the BA-modules on Abelian varieties are free under some restrictions on spectral data. 
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In [2] it is also shown that the restriction of the BA-module from three-dimensional Abelian 
variety to the shifted theta-divisor remains free (over the ring of differential operators of two 
variables). 

In [3] it is showr0 that the restriction of BA-module from Abelian variety to the complete 
intersection of the shifted theta-divisors remains free. On these grounds we found the solutions 
of multidimensional analog of Kadomtsev-Petviashvili hierarchy 

[d tk -A k ,d tm -A m }=0, (1) 

where Ak and A m are matrix differential operators of n variables. 

In [4] and [5] the sufficient conditions for the spectral data, which correspond to the free 
BA-modules were found (see Theorem 4.1 in [1] and Theorem 3.3 in [5]). It is not clear how to 
find the algebraic varieties, satisfying these conditions. In [1] and [5] there are two examples 
satisfying these conditions. In [3] sufficient conditions for spectral data corresponding to the 
solutions of the equation ([1]) were ascertained; in the paper a corresponding example was also 
demonstrated. 

Note that in all the examples above the construction is either implicit (see [1] and [5]), or the 
solutions are expressed in terms of theta-functions (see [U [2] , and [3] ) . 

Those who wish to read more widely in the theory of commuting operators of several variables 
and BA-modules can turn to [6]. 

The aim of this paper is to demonstrate the construction of Nakayashiki for the rational varie- 
ties. For the rational spectral variety, the BA-module elements and coefficients of commutating 
differential operators are expressed in terms of elementary functions. 

Our initial idea was to obtain BA-modules on rational varieties from BA-modules of Nakaya- 
shiki by degenerating of Abelian varieties in the same way as soliton solutions of KdV are 
obtained from finite-gap solutions by degenerating of smooth spectral curves to spheres with 
double points. We considered many candidates of rational varieties and, as a result, we found 
varieties T and (see below) appropriate for our goals. 

In the next section we describe the spectral data used in this paper and formulate our main 
results. In Sections [3] and 2] we show that the BA-modules on T and O are free. In Section [5] we 
present explicit examples of commutating operators. In the Appendix we show that on T and 0, 
there are structures of algebraic varieties (it not follows directly from the definition of L and f2). 



2 Main results 

Let us fix ai,a2,&i,&2 £ C such that (oj,6j) / (0,0) and (ai : b\) / (a 2 : 62)- Let us also fix 
nondegenerate linear map V : C n — > C™. This map induce the map CP™ -1 — > CP™ -1 , which 
we denote by the same symbol V. Let T denote the variety constructed from CP 1 x CP™" 1 by 
identification of two hypersurfaces 

Pl x CP™" 1 ~ p 2 x CP™" 1 

with the use of V, where pi = (ai : bi). Namely, let us identify 

(ai : h, t) ~ (a 2 : b 2 , V(t)), t = (h : ■ ■ ■ : t n ) € CP™" 1 . 

Let /(P) be the following function on C™ +2 

f(zi, z 2 , h,..., t n ) = y^ajZttj + PiZ 2 ti), aj.ftGC. (2) 
i=i 



1 In the proof of freeness of the BA-modules in [3] there is a gap, an additional proposition is required. The 
complete proof will appear in the work of K. Cho, A. Mironov, and A. Nakayashiki "Baker-Akhiezer module on 
the intersection of shifted theta divisors" (submitted to Publ. RIMS). 
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such that the following identity takes place 

f(a 1 ,b 1 ,t)-Af(a 2 ,b 2 ,V(t))=0 (3) 

for fixed A G C* and every t = (t±, . . . ,t n ). Identity (|3j) gives the restriction on the choice 
of cti, fa. According to ([3]), the equation 

f(zi : z 2 ,h : ■ ■ ■ : t n ) = 

correctly defines a hypersurface in V. 

We denote eigenvalues and eigenvectors of V by Xj and wj respectively. Henceforth, we 
assume that 

Xj^Xk at j^k, (4) 
and f(P) is chosen such that 

/(ai,&i,Wj) ^ 0, j = l,...,n. (5) 
We introduce n functions on C n+2 

V. 

fi(z 1 ,Z 2 ,t 1 , ...,t n )=^2 ( a ikZltk + Afc^fc) 
k=l 

such that fi satisfies the identity: 

fi(ai,h,t) _ fi(a2,h,V(t)) _ _ 

f( ai M,t) f(a 2 ,b 2 ,V(t)) Q " U ' QG(L [b) 

for every t = (t±, . . . , t n ) G C n . By ([3]), this identity is equivalent to 

fiiatMit) ~ Afi(a 2 ,b 2 ,V(t)) - Cifiatib^t) = 0. (7) 

The dimension of the space of these functions is equal to (n + 1). We choose fi,...,f n such 
that /i, • • • ,/n and / are linearly independent. Moreover, we choose parameters (a,/3), (aj,/3j) 
in a general position, that means that the parameters belong to some open everywhere dense 
domain (more precisely, such that equation f)18|) has no multiple solutions). 
Let us fix AgC. Let 



M r (fe) 



. . . ,x n ,P) \^ fj(P) 




where 

^(x, o x : 6i, t) - A^(s, a 2 : 6 2 , = (8) 

for t = : ■ ■ ■ : t n ) G CP™" 1 . Here P = (z± : z 2 ,t) G CP 1 x CP" 1 - 1 and P) has the form 
h(x,P)= Yl h ]a {x)z{z k 2 -H a , (9) 

0<j<fc, \a\=k 

where a = (a±, . . . ,a n ), t a = t® 1 t% n - 

According to ([8]), if ip G M-p(k), then S Mp(fc). Consequently, we have n mapping 

d x . : M r (k)^ M r (fe + 1), j = 1, . . . , n. 
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Thereby, on the set 

oo 

M r = (J M r (k) 

k=l 

the structure of the BA-module over the ring of differential operators D n = O [d xi , . . . , d Xn ] is 
defined. 

Theorem 1. Mr is a free T> n -module of rank n generated by n functions from Mr(l). 
Corollary 1. There is a ring embedding 
D : A f -> Mat(n,£>„) 

o/ £/ie rings of meromorphic functions on T with the poles on hypersurface f = into the ring 
of differential operators in variables x±, . . . , x n with the matrix coefficients of size n x n. 

For n = 2 it is possible to consider another way of identification of two curves in CP 1 x CP 1 . 
Let Vt denote the variety which comes out from CP 1 x CP 1 by the identification of two lines 

Pl x CP 1 ~ CP 1 x p 2 . 

Videlicet, we identify the following points: 

( Pl ,t) ~ (V(t),p 2 ), 

where P i,t E CP 1 . We assume that V(p2) ^ Pi- Therefore, in an appropriate coordinate system, 
the variety Vt has the form 

fi = CP 1 x CP 1 /{(1 : 0, h : t 2 ) ~ (h : t 2 , : 1)}. (10) 

Indeed, on CP 1 x CP we make the following change of coordinates: 

(z',w') = (z,V(w)), 

where (z, w), (z',w') are the old and the new coordinates on CP 1 x CP 1 respectively. Then Q 
is obtained by the identification of the points: 

(Pi,P(*))~ (V(t),r( P2 )). 

Now on each of components CP 1 x CP 1 we do the same change of coordinates such that the 
points pi and V(j>2) in the new system have coordinates (1 : 0) and (0 : 1) respectively. In the 
new coordinates the variety f2 has the form (110(1 . 
Let g denote the following function 

g(zi,Z2,wi,w 2 ) = az\W\ + (3ziw 2 + ^z 2 w\ + 5z 2 w 2 , a, /3, 7, 5 € C 
such that for (ti,t 2 ) G C 2 the following identity is fulfilled 

& (l,0,ti,t 2 )--B^(t 1 ,i 2 ,0,l) = 0, (11) 
where B G C* is fixed. We assume that 



5(0,1,0,1) ^0. 
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We introduce two more functions 

gi(zi,Z2,w 1 ,w 2 ) = aiZiwi + /3 i z 1 w 2 + jiZ 2 w 1 + SiZ 2 w 2 , ai,Pi,ji,8i eC, i = 1,2 
such that for (tx, t 2 ) G C 2 the identity is fulfilled 

5 (l,0,ii,t 2 ) <?(ti,t 2 ,0,l) V ' 

The dimension of the space of such functions is equal to 3. According to (jlip . the identity (|12[) 
is equivalent to 

Si(l,0,ti,t 2 ) - Bgiih^O, 1) - c i5 (l,0,ti,t 2 ) = 0. 

Let us choose g\ and g 2 in such a way that g\ , g 2 and g are linearly independent and the under 
radical expression in (123|) does not vanish (this always can be achieved by the infinitesimal 
changes of c\ and c 2 ). Let 

Let us fix A £ C. By M^(fc) we denote the set of functions of the form 
M a {k) = L= HX g l y {p P exp (xG 1 (P) + yG 2 (P))| 

for which the identity 

y, 1 : 0, ti : t 2 ) - A^rr, y, t x : t 2 , : 1) = 0, 

is fulfilled, where h is the function of the form Q. 
Let 



M n = Q Af n (fc), 



fc=i 

is the module over 2? = O [d x , 9^] . 

Theorem 2. Mq is a free D-module of the rank 2 generated by two functions from Mq(1). 

Let A g denote the ring of the meromorphic functions on with the pole on the curve defined 
by the equation g(P) = 0. 

Corollary 2. There is a ring embedding 

D : A g —?■ Mat(2,£>) 
of Ag into the ring of 2 x 2-matrix differential operators in variables x and y. 

Remark 1. To be more precise, the freeness of Mr and is a corollary of the fact that 
corresponding graded grD-modules are free, where the graduation is induced by the degree of 
the operators and the order of poles respectively. Below we virtually prove the freeness of graded 
modules. 
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in t\, . . . , t n of the degree k, situated in the left part, are equal to 0. It gives C^, n _ x restrictions 



3 Proof of Theorem [T] 

3.1 Combinatorial structure of M r 

We find the rank of the module M-pik) over O. The dimension of the space of functions {h(x, P)} 
(see @) is equal C^ +1 C^'~^_ 1 (for fixed x). The condition ([8]) with the help of © and (0) can 
be written in the equivalent form 

h(x,a u bi,t) -h(x,a 2 ,b 2 ,V(t))AA k e~ cx = 0, 

where cx = X^=i c j x j- This equality means that the coefficients of the homogeneous polynomial 
ft 

on the choice of coefficients of h(x,P). Thereby, 

rankoMHAO = (k + 1)C^ 1 - C^_, = W^_ v (13) 

Let be the differential operators of order k — 1 at most. We have 

rmiV Tfi-i _ r n (fc + n-1)! fc(fc + l)---(fc + n-l) k j 

rank P n - - (fc _ ^ = - = -C^. (14) 

Comparing (|13p and (|14p. we can expect that M-p is a free module of the rank n generated by n 
functions from Mr(l). 

3.2 Module N 

Let us choose n functions tpi , . . . , tjj n G Mp(l) independent over 
where 

n 

/i fc (x, P) = {h\i{x)z\U + hti(x)z 2 t l ) . 

i=l 

Consider the module N over T> n generated by the functions tpi, ... ,tp n 

N= j^diif>i\di g vjj . 

We show that the module N is free (Lemma [1]) and as a consequence from the combinatorial 
calculation we get that the modules Mr and N coincide (Lemma [3|). 

Lemma 1. N is a free T> n -module of rank n. 

Proof. Suppose that the assertion is not true, i.e. there are differential operators d\, . . . ,d n G 
T> n such that 

ditpi H h d n ijj n = 0, (15) 

where 



a:\a\<K 

K is maximal order of operators dj. 
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Let us divide (fT5j) by exp (^ fXj), multiply by f K+1 and restrict the received equality on 
the hyperspace f(P) = 0. We receive the following equality (for the compactness of the record 
the arguments are skipped) 

^i( a i(Jf,o,...,o)/i + a i(Jsr-i,i,o,-,o)/i _1 /2 H 1 - a l(0,...,0,K)fn) H 

+ h n (a n (K,o,...,o)fi' + On{K-i,\fi,-Si)f\ 1- a n (o,...,o,K)fn ) =°- (16) 

The hypersurfaces 

f(P) = 0, /;(P) = 0, j = l,...,n, j + k. (17) 

(fk(P) = is left out) have n points of intersections. Indeed, let us consider (fT7|) as linear 
equations in t\, . . . ,t n . These equations have nonzero solutions if the determinant Aj, composed 
from coefficients (coefficients are linear forms aiz\ + fazi or a s iZ\ + (3 s iZ2), equals 

Aj = 0. (18) 

So, (|18p is a homogeneous equation in z±, Z2 of degree n, and by our assumption has no multiple 
solutions. By P-*, i = 1, . . . , n we denote the intersection points of hypersurfaces (fT7|) . 

Let us substitute P™ in (fTUj) . divide all equalities by f% (/n(P™) / 0, see Lemma We 
obtain a linear system of equations on coefficients ak(o,...,o,K) °f operators dfc 

/n(a?, PfH (o,...,o,x) + ■ ■ ■ + K(x, Pi)a n (o,...,o,K) = 0, 



hi {x, P")ai ( ,...,o,^) ^ /i n (x, P")a n (o,...,o,ftr) = °- (I 9 ) 

We need 

Lemma 2. The inequality holds 

{ tn(x,P£) ... h n (x,P?) 

' 7^0. 



det 



The proof of this lemma is given in Subsection 13.31 
By Lemma [21 the solution of the system (|19p is 

a l{0,...,0,K) =0, . . . , an(0,...,0,iC) = 0- 

Similarly, for k = 1, . . . , n — 1 from det (hj(x, P^)) ^ it follows that the coefficients aj(o,„K...o) 
must vanish (K is on the k-th. place). 

To show that the coefficients aj ( m l) 1 where m + I = K, vanish we should restrict (|16p 
on /(P) = 0, A(P) = 0, . . . , f n - 2 (P)"= 

^1 ( a l(0,... ,0,^-1, l)fn-l l fn "I + a l(0,...,0,l,K-l)fn-lfn X ) 

+ ^n(«n(0,...,0,-K'-l,l)/?^l 1 /« "I + a n(0,...,0,l,K-l)fn-lfn *) = 0. 

Since the product / n _i(P)/ n (P) is not identically zero on this set, then it can be used for 
dividing. Substituting the points P = P™ -1 and P = P™ we obtain sets of equations of the 
form (|19p on coefficients a,j (o,...,i,k-i) an d aj (p k—i,i)- Using Lemma [21 we conclude that the 
matrices (hj(x, P/ 1 )) of the corresponding systems are nondegenerated and, consequently, 

a i(o,.. .,1,-fC-i) = a i(o,...,E--i,i) = 0, i = 1, . . . ,n. 

Similarly, one can show that all the leading coefficients of the operators are zero. Thus, we 
have come to a contradiction with the fact that K is the leading order of operators d±, . . . , d n . ■ 
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To complete the proof of Theorem Q] we need 
Lemma 3. The modules Mp and N coincide. 
Proof. By N{k) we denote the following subset 

N{k) = j^diVi I di € V n , orddi < k- lj . 

Since P n -module N is free, 

rankoA(/c) = n ranke> {dijji \ m d € T> n , ovdd < k — 1} = nranko'D n = kC^T n _y 
Consequently, 

rankoAO) = rank M r (fc). 
Since there is obvious inclusion N(k) C Mr(fc), we obtain 

Mr = N. U 
Theorem [1] is proven. 

3.3 Proof of subsidiary statements 

Choosing on CP 1 x CP™" 1 a suitable coordinate system, we assume that L is obtained by the 
identification of hypersurfaces (1 : 0) x CP™" 1 and (0 : 1) x CP™" 1 , i.e. 02 = b\ = 0. Also, we 
can assume that a\ = 62 = 1. 

Lemma 4. Under condition ([5]) hypersurfaces f = 0, f\ = 0, f n = do not have common 
points in CP 1 x CP n_1 . 

Proof. Let us recall that / and fi, ■ ■ ■ , f n are the basis of the form ([2]), satisfying the identity ([6]). 
We find such number k that satisfies ([6]) for ct 7^ 0. Without the loss of generality, we assume 
c n 7^ 0. Then the systems 



( f = 0, 



( f = o, 

fi = 0, 

and 

fn-l = 0, 
I /n = 0, 



/l - -/„ = 0, 



fn-l - -^—^fn = 0, 



-fn = 0, 



are equivalent. It is easy to verify that fk~^fn satisfy ([3]). Let = f^/n for 1 < k < n— 1, 
and /„ = J-/ n . 

By the definition of / and condition (J3j) , we have 

f(z!,Z 2 ,t) = f( Zl ,0, t) + /(0, * 2 , t) = Zl f(l, 0, t) + Z 2 /(0, 1, t) 

= z 1 ,4/(0,l,P(0)+^/(0,l,t). 

Since f(z,t) is linear in last n arguments, then the equality / = can be rewritten in the 
following way: 

f(Q,l,z 1 AV(t) + z 2 t) = 0. 
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Likewise, we transform the equalities f% = 0, . . . , f n -i = 0. We obtain the following system of 
linear equations 

/(0,M)=0, £(0,1,1;) =0, j = l,...,n-l, 

v = {z\AV{t) + z 2 t) S C n . By linear independence (over C) of the functions /, fx, . . . , f n ~x this 
system has the unique solution v = 0. Thus, the equations / = 0, fx = 0, . . . , f n -i = are 
equivalent to 

zxAV{t) + z 2 t = 0. 

The solutions of this system have the form: 

1) zx = z 2 = 0, 

2) t = 0, 

3) z-il{Azx) = — Xj, t = Wj. 

The solutions of the form 1) and 2) do not specify any point in CP 1 x CP n . Taking into 
account (jU), case 3) gives n different solutions. Now we add to this system the last equality 
f n = 0. According to (0), 

/„(*, i) = zxAf n (0, 1, P(i)) + z 2 /n(0, 1, t) + /(l, 0, i) = / n (0, 1, «i AP(t) + z 2 1) + /(l, 0, t). 

Taking into account (J5]) and 3), we have 

fn(z, t) = / n (0, 1, 0, . . . , 0) + /(l, 0, Wj) = /(l, 0, Wj ) / 0. 

This reasoning ends the proving of Lemma [H ■ 

Proof of Lemma [2j We note that since any function of the form ([2]) is a linear combination 
of the functions / and fx,...,f n , then from the definition of the module Mr it follows that 
a different choice of the forms fj corresponds to a nondegenerated linear change of variables 
xx, ■ ■ ■ ,x n . This implies that if the statement of Theorem 1 is true for any fixed set fx, ■ ■ ■ , f n 
then it is true for any other one. Therefore, we work with easy-to-use basis. 

Let us choose the basis such that the points of the intersection = (z^, z^ 2 ,t^) of the 
hypersurfaces /(P) = and fj(P) = (J = 1, . . . , n; j 7^ k) satisfy the following two conditions: 

A) first two coordinates z\^ and z\ 2 of the points Pf do not vanish; 

B) the set of the vectors (t^, . . . ,t%) G C n is linearly independent. 

It always can be achieved. Indeed, we choose n functions fj of the form ([2]), satisfying ([3]), 
and such that any n — 1 from them and the function / are linear independent. In the course 
of proving of Lemma 4 it was shown that the points of intersection of the hypersurfaces / = 0, 
fj = 0, j = 1, . . . , n; j 7^ k, satisfy the conditions A) and B). We take one more function f n +x 
of the same form, satisfying ([6]) at c n +i = 1. Since the coordinates of the points of intersections 
continuously depend on the coefficients of the functions, then by fj we take fj = fj + Cj/ n +i, 
where Cj are sufficiently small. From the proof of Lemma H] we obtain that all points Pj are 
different. 

Let us write matrix (hj(x, P^)) in a more convenient form. For this, we note that the condi- 
tion (j8j) can be written as the condition on 

h k (x,ax,bx,t) - h k (x,a 2 ,b 2 ,V(t))AAe- cx = 0. 
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Then the following equalities are true: 

hj(x, z\, Z2,t) = hj(x, zi, 0, t) + hj(x, 0, z 2 , i) = ziAAe~ cx hj(x, 0,l,V(t)) + z 2 /ij(x, 0, l,t) 
= hj(x,0,l,z 2 t + z 1 AAe~ cx V(t)). (20) 

Let v* = + 4 e_ca: ^(*i))- Thus > the nonde 

generacy condition of the matrix (hj(x, i$ )) 

is written in the following way 



det 



/ fci(x,0,l,vf) /i 2 (x,0,l,vf) ... /i n (x,0,l,v^) \ 
\ /h(x,0,1,v*) /i 2 (x,0,l,v^) ... fr n (x,0,l,v£) / 



/ 0. (21) 



Since hj(x,P) are independent over 0, from (|20p we obtain that the functions hj(x, 0, 1, •), as 
the functions of the last n arguments, are also independent over O. Then inequality (|2ip is 
equivalent to the linear independence of the vectors , since frj are the linear forms of . 

Let us show that the vectors are linear independent. Suppose that it is wrong, i.e. there 
are coefficients ji (generally speaking dependent on x) such, that ^ 7iV^ = or in more detail: 

n 

^2 {liZiiti + jiZnAAe~ cx Si) = 0, 

i=l 

where = V(tf). The last equality can be written in the matrix form 

(T + AAe~ cx S) 7 = 0, (22) 

where T and S are matrices, composed from vectors Zi2tf and Zi\s\ respectively and independent 
from x, 7 = (71,..., j n ) . Since the matrices T and S are nondegenerated, then there are 
not more then n values fij such, that det (T + fj,jS) = and jjLj also do not depend on x. 
Consequently, for AAe~ cx 7^ fj,j system (|22p has only one solution 7 = 0, i.e., are linear 
independent for almost every x and, consequently, the determinant \hj(x, P^)\ does not vanish 
identically in x. Lemma [2] is proven. ■ 

4 Proof of Theorem [2] 

Let us choose in Mq(1) two independent over O functions (pi and ip2 

= hix y P) ^ + 
9(P) 

where 

hi(x,y,P) = ki(x,y)ziz 2 + k{x,y)z\w-2 + mi(x,y)wiZ2 + ni(x,y)wiw 2 , i = 1,2. 
The functions /ij satisfy the identity 

/ij(x, y, 1 : 0, ti : t 2 ) - hi{x, y,t 1 :t 2 ,0: 1)AB exp(-xci - yc 2 ) = 0. 

By Pi and Qi we denote the points of intersection of the curves, defined by the equations 
gi(P) = and g{P) =0, i = 1,2. By the infinitesimal variations c\ and c 2 , one can obtain that 
these points are pairwise different. 

By means of direct check, we can ascertain that the determinant 



det 



hi{x,y,Pi) h 2 (x,y,Pi) 
h\(x,y,Qi) h,2(x,y,Qi) 
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up to multiplication by nonvanishing function from O, is equal to 

(j5i - 7i <5) 2 + 27^(7* - nS) + <5 2 ( 7 - 2B$fc\{ke-^-^y - 1) 

It is obvious that the inequality 



(23) 



V hi(x,y,Qi) h 2 (x,y,Qi) J 

is fulfilled for almost all x and y. 

Further the proof of Theorem [2] verbatim repeats the proof of Theorem [TJ 

5 Examples 

In this section we demonstrate the examples of the commuting differential operators and their 
common eigenvector-functions defining the basis in the free BA-modules. 

5.1 Commuting operators corresponding to the variety T 

Let us consider the case n = 2. As a spectral variety we take 

r = CP 1 x CPV{(! : 0,ti : t 2 ) ~ (0 : l,t 2 : *i)}, 

i.e. in terms of Section [2] pi = (1 : 0), p 2 = (0 : 1), V{t\,t 2 ) = {t 2 ,t{). 
We introduce three functions 

f{P) = -z 1 t 1 -z 2 t 2 , h(P) = z 1 t 2 + z 2 (t 1 -it 2 ), f 2 {P) = -z 1 t 2 -z 2 {t 1 +it 2 ). 

Via the direct check, we can ascertain that f(P) satisfies the condition ([3]) for A = 1, and f\, f 2 
satisfy the condition ([6]) for c\ = c 2 = — i. 
Let us choose in P-module Mr the basis 

, , m zjh + e-g+^Wg (h ^ h \ 
iPi{x, V, P) = jjpj exp |^yx + -jyj , 

ip2[x, y, P) = jj—j exp |^yx + —y 

We consider the following meromorphic functions on T with the poles on the curve f(P) = 
_ 1{z\t 2 + z 2 ti) _ iz\z 2 {-t\ + t%) _ z\t\ + Zzxz 2 t\t 2 + z\t\ 

1_ W) ' 2 " Wf ' 3 " W? ' 

Pairwise commuting operators, corresponding to these functions have the forms 



D(X 1 ) 
D{\ 2 ) 



d x -d y 
d x -d y 



1 \ (dy ~ dl) + \ (^) (d x - d y ) cot (i±») - \{d x + d, 
-\{d x + d y ) \(d 2 y -dl) 



\ 
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Operator, corresponding to the function A3 has the form 



;)]n = \dl + \d 2 y - \ cot {^±y ) (d x + dy), 



[D(X 3 )] 12 = 0, [£>(As)]2i = ; . 5 , x+vs (d x - d y ), 



1 

4s in 2 X^) 

[D(X 3 )} 22 = ^ - \ cot + (d x + d y ) + + \dl 

5.2 Commuting operators corresponding to the variety f2 

Let us consider three functions 

g(P) = z\w\ + z\w 2 + z 2 W2, 
gt(P) = Z1W1 + 2z 2 wi - z 2 w 2 , 
gi{P) = —Z\W\ + 2z 2 w\ + z 2 w 2 . 

By the direct check we can ascertain that g(P) satisfies the identity (fTT]) for B = 1, g\{P) and 
g 2 (P) satisfy to the identity (fT2j) for ci = 1 and c 2 = — 1 respectively. 
The curves g(-P) = and gi(P) = are intersected in the points 

P 1= (-2-V2:l,--L:l). <fc = (-J + V5: 1, Jg : l) , 
and the curves g(P) = and g 2 {P) = are intersected in the points 

ft= (_V2 : l,-l + -L:l), Q2 =(V2:1,-1--L:1). 
Chose the basis ipi, ip 2 in P-module Mq 

zi^ie^ + ziw 2 + z 2 w 2 e x ~ y 

^2 = t^t exp (sGi(P) + yG 2 {P)) . 

9{P) 



Then 

h\{P\,x,y) 



h 2 (Pi,x,y) V2(ev -e x ){-e x + {1 + V2)ev) 
k(Qi,x,y) e x+ y 



h 2 (Qi,x, y) " >/2(eV - e x )(e x + (-1 + y/2) e v) ' 



thus inequality (|24h is fulfilled. 

Four simplest meromorphic functions on f2 with the poles on the curve g(P) = have the 
form 

_ Z 2 W\ , _Z\Z 2 w\ _Z\W\Z 2 W 2 _ z\z 2 w\ + z\w\w 2 

Pairwise commutating operators, corresponding to these functions have the form 



\{d X +dy) 

\(d X +dy) 
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x+y 



i D (^= n ^ ey) 2 ^+dyf, 

[D(X 2 )hi = \{e y ~ x - e*~y - 2)dl + ±(e»-v - e y ~ x - 2)d 2 y + \d x d y 

e x + e 2x- y + 5e y _ e 2y-x 3^ _ & 2x-y + 3^ + ^y-x e^e* + e^) 

+ — ~ Or + — ~ d y 



4(e x - ev) A{ev - e x ) y (e x - ev) 2 ' 



The operator, corresponding to the function A3 has the form 
i n(X)] -K±^l( 8 2 » 2 ) 1 ^ + e 2 ^) 



e 



x+y 



Mh)]i2 = 8{ey _ eX)2 (d x -d y y, 
[d(\ 3 )} 2 i = \{2 + e x ~y - e y- x )dl - d x d y + \(2- e*-y + e y-*)d 2 y 

2e x + e 2x ~y + Ae" - e 2y ~ x ie x - e 2x ~y + 2e y + e 2 y~ x 
+ 2{ev - e x ) x + 2(e x - d>) y 

e 2x + e 2y + Ae x+y 



(e x - ev) 



Operator corresponding to the function A4 has the form 



A(e x - ef ) x 2 y 4(e x - e») 

e 2x + 3e 2y 3e 2x + e 2y 2e x+y 



2(e x - ev) 2 x 2(e x - ev) 2 y (ef - e x ) 2 ' 



x+y 



y 1 • 



PMto = 2 (e^-e^ (( ^ + ^ + ^ + 9 
[ J D(A 4 )] 2 i = (e^ - e 3 ^ - 2)d 2 + A8 x d y + (e^ - e y ~ x - 2)8 2 

5e x + e 2x-y + 9( ,y _ faTy-x Q( ,x _ ^x-y + 5e?/ + e 2y-x 

H o x H ct 

2e- x - y (e 4x + e 4y - 6e 2 ( x+ ^ - Ae 3x+y - Ae x+3y ) 
+ (gx _ e y)2 ' 

[jD( a 4 )] 22 = ^ — 2^a 2 - 6 -d x d y + ^ — —^dl 

1 v 4/JZ/ 4( e 3/ - e x ) x 2 y 4(e^ - e x ) y 

_ e 2x + 3e 2y - 16e x+ y g _ 3e 2x + e 2 ^ - 16e x+ ^ 
2(e x - e^) 2 x 2(e x - e^) 2 y ' 
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A Structures of algebraic varieties on T and Q 

We show that on T and Q, structures of algebraic varieties can be introduced. For this in 
the first case we construct a smooth morphism from CP 1 x CP™" 1 to CP 2 x CP 2 ™" 1 , and in 
the second case from CP 1 x CP 1 to CP 11 . The morphisms are injective everywhere except 
gluing hyper surf aces. The images of the morphisms are algebraic varieties which define required 
structures on V and fi. 

A.l Variety T 

By choosing the convenient coordinate system on CP 1 we can assume that 

T = CP 1 x CP n ~7{(l : 0,i) ~ (0 : l,T(t))}. 
We consider the mapping 

tp! : CP 1 x CP™" 1 -> CP 2 x CP 2 ™" 1 , 
defined by the formula: 

<pi(z,t) = (u,v), 
where u = {u\ : u 2 ■ U3), 

u\=z\z 2 , u 2 = z\z 2 , u 3 = zf + z 2 , v = (zft + z^V' 1 (t) : ZiZ 2 t) . 

Here v = (£1 : • • • : £ n : rji : ■ ■ ■ : rj n ), £j = z\2tj + z 2 2rj and rjj = z\z 2 tj, where rj is j-th 
coordinate P _1 (i), j = 1, ... , n. 

Lemma 5. The mapping (p\ is correctly defined on T and is the embedding of T. The image 



of ipi is defined by the equations: 

u\ + u\ = u\u 2 U3, (25) 

ulrj + ulV' 1 ^) =u 1 u 2 £, (26) 

u 3 V + u{P{n) + u 2 V~ x (r\) = ui£ + u 2 V((). (27) 



Proof. Let us show that the image of the point (z, t) E CP 1 x CP™ -1 satisfies the equations 
(|25p ~(|27 p . The equalities (|25p and (|26p obviously follow from the definition of <p\. The equali- 
ty (i27|l for z\ ^ and z 2 / is the corollary of (|25j) and (i26l) . Indeed, from (|26]l we obtain 

ufP(rj) + u\t] = uiu 2 V(£). 

Let us multiply the obtained equality by u 2 , equality ([26]) by u\ and take a sum. Dividing the 
result by u\u 2 7^ 0, we obtain (j2"7|) . If z\ or z 2 are equal to zero, then n = 0, and, consequently, 
the left and right parts of (j27|) vanish. 

We show that for any point (u,v) £ CP 2 x CP 2 ™ -1 , satisfying (|25]) - (|27p . the inverse image 
can be found. Note that from (|25p it follows that ui and U2 can vanish only simultaneously. 

If u\ = u 2 = 0, then from (I27p we obtain n = and the inverse image can be either point 
(1 : 0,£), or point (0 : 1,P(£)), which are identified in T. 

Now we consider the case u\ ^ and u 2 7^ 0. From (|26p it follows that ^ 7^ 0. In this case 
as the inverse image of the point we can take point (u\ : u 2 ,n). By easy calculations it can be 
checked that <£i(iti : u 2 ,n) = (u\ : u 2 : «3,£ : rj). If any other point B = (a : b, s\ : ■ ■ ■ : s n ) is 
the inverse image of {u\ : u 2 : ti3,^ : n), then a : b = u\ : u 2 and, consequently, a / 0, 6 / 0, 
r]j = absj, i.e. B = (u\ : u 2 ,n), which shows injectivity of the mapping (pi on L. 

By direct calculations one can show that the differential of the mapping ipi is nondegene- 
rated. ■ 
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A. 2 Variety CL 

Let us consider the mapping 

if 2 ■ CP 1 x CP 1 -> CP 11 , 
defined by the formula: 

ip2(zi : Z2,wi : W2) = (iti : • • • : U12), 

where 

til = (to? + tof) + (Z2W2) 3 , U-i = z\w\u)2 + z\z2Vj\ , U 3 = z\w\w\ + Z\z\w\, 

U 4 = zfz2wf, U 5 = zfz2wjw2, Uq = z\z2W\w\, U 7 = Z\z\w\, Ug = Z\z\w\w2-> 

Ug = Z\z\w\Vj\, Uio = z\w\, U\\ = z\w\vJ2, U\2 = Z^WiW^. 

We can easily ascertain that Uj do not vanish simultaneously (for example, u\, 112, U3 and u\q 
equal zero if and only if z\ = Z2 = or W\ = W2 = 0) . 

Lemma 6. The mapping if2 is correctly defined on £1 and is the embedding of ft. 

Proof. We show that the mapping <f2 identifies only points (1 : 0,t± : £2) and (ii : t2,0 '■ 1) on 
CP 1 x CP 1 . 

If uio 7^ 0, then from the definition of ip2 it follows that the inverse image has the form 
(zi : z 2 ,wi : w 2 ) = (u 7 : itio,«io : 

If uio = 0, then Uk = for 4 < k < 12, U2 and 113 vanish simultaneously. Two cases are 
possible: 

a) U2 7^ and 113 7^ 0, then inverse image is one of the two points (1 : 0,v>2 ■ U3) or 
{U2 : ^3,0 : 1), which are identified in f2; 

b) U2 = U3 = 0, then u\ 7^ and inverse image is one of the three points (1 : 0, 1 : 0), 
(1 : 0, : 1) or (0 : 1, : 1), which are also identified in £1. 

By direct calculations one can show that the differential of the mapping 992 is nondegene- 
rated. ■ 
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